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Abstract
We find a novel type of phase, “the Kondo phase,” in a quark matter containing heavy quarks
as impurities. This phase allows the QCD Kondo effect to occur between a light quark (ψ) and a
heavy quark (Ψ), and is characterized by a nonzero heavy-light condensate 〈ψ¯Ψ〉 which measures
the strength of mixing between ψ and Ψ and represents formation of the Kondo cloud, the ground
state composed of light and heavy quarks. Within a field-theoretic approach and mean-field ap-
proximation, we obtain the gap equation which self-consistently and non-perturbatively determines
the gap ∆ ∼ 〈ψ¯Ψ〉. By solving the gap equation with the condition for the heavy-quark number
conservation, we draw a phase diagram in µ (the light-quark chemical potential) and λ (an analog
of the heavy-quark chemical potential) plane, and identify the density region of the Kondo phase.
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I. INTRODUCTION
The Kondo effect constitutes one of the most fundamental concepts in quantum physics.
It originally refers to the increasing behavior of the resistance of a metal containing mag-
netic impurities with decreasing temperature and is now understood as resulting from the
enhanced non-Abelian (spin-exchange) interaction between the conducting electron and the
impurity as first revealed by J. Kondo [1]. The Kondo effect occurs for any small coupling,
and leads to formation of the “Kondo cloud” – a composite state made of conducting elec-
trons and the impurity as the ground state [2–4]. The concept behind the Kondo effect can
be universally applied to various systems from metals to artificial materials such as quantum
dots, quantum devices [5–11] and ultracold atomic gases [12]. Moreover, it has been recently
recognized [13–15] that a quark matter containing heavy (charm and bottom) quarks as im-
purities satisfies the necessary conditions for the Kondo effect to occur [2–4] 1, and exhibits
what we call the QCD Kondo effect. The QCD Kondo effect would affect various properties
of the quark matter through the changes of thermodynamic properties (e.g. heat capacity,
susceptibility) as well as of transport properties (e.g. electric/color-electric conductivity).
Quark matters with heavy quark impurities will be realized in extremely high-density
environments such as relativistic heavy-ion collisions at FAIR and J-PARC and the core of
neutron stars. Small number of heavy quarks will be provided by initial hard scatterings
in the heavy-ion collisions, and by high energy neutrinos as cosmic rays that will transform
light quarks into heavy quarks while traversing the compact stars. In both cases, heavy
impurities will be randomly distributed in a quark matter and far from chemical equilibrium.
With a random distribution, we may be able to define locally a spatial region where the
number of heavy quarks (or heavy antiquarks) is larger than the other places. Similar to the
development of cosmological density perturbation due to gravitational attractive force, we
expect that heavy quarks will gather via attractive one-gluon exchange interaction to form
a denser state like a droplet. In this droplet, the density of heavy quarks will be relatively
high and can be approximately treated as uniform. We are going to investigate the QCD
Kondo effect in such a droplet of heavy impurities.
Keeping this situation in mind, we consider a finite density of heavy quark impurities
which are uniformly distributed inside the quark matter. This can be understood as an
approximate situation for the droplet. To research the properties of the ground state of such
a system (the Kondo cloud), we will develop a field theoretic approach that allows for a
non-perturbative treatment of the Kondo effect. In particular, we will introduce a new type
of quark condensate, a heavy-light condensate 〈ψ¯Ψ〉 for a light quark ψ and a heavy quark Ψ,
which is exploited for the first time in this work. The heavy-light condensate for the QCD
Kondo effect is highly contrasted with the other types of quark condensate; the light quark-
antiquark condensate 〈ψ¯ψ〉 for chiral symmetry breaking [16] and the light quark-quark
condensate 〈ψψ〉 for color superconductivity [17–19]. We know that these two condensates
are associated with unstable fluctuations in the quark-antiquark and quark-quark channels,
respectively. Hence we understand it reasonable to introduce the heavy-light condensate
that is associated with the infrared instability around the Fermi surface leading to the QCD
Kondo effect. Having defined the heavy-light condensate, we are able to investigate the QCD
Kondo effect non-perturbatively within the mean-field approximation. This also implies that
the heavy-light condensate would be formed under the same conditions for the Kondo effect
1 In addition to the existence of heavy impurities, three conditions are necessary: Fermi surface of light
fermions, non-Abelian interactions between a light fermion and an heavy impurity, and quantum effects
corresponding to higher loops in the perturbative analysis.
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to occur. Indeed, such analysis is successful in the investigation of the Kondo cloud in
condensed matter [20, 21] (see also for the Kondo lattice [22–24], the quantum dots [25] and
Dirac fermions [26, 27]). Importantly, the mean-field approach can be justified for large N
in the SU(N) symmetry for the non-Abelian interaction [23, 24]. Furthermore, the isospin
Kondo effect in “charm (bottom) nuclei” was recently studied in the mean-field approach
by one of the authors [28] 2.
In this work, by using a simple model that exhibits the QCD Kondo effect, we will
determine the ground state of the quark matter with heavy impurities with light and heavy
quark densities being varied, and will identify the “Kondo phase” in which the heavy-light
condensate 〈ψ¯Ψ〉 is finite and thus the QCD Kondo effect is at work. Although the results
in this analysis are obtained with heavy quarks uniformly distributed in the whole space,
one can translate them into those of a droplet through the “energy gain” per a single heavy
quark.
II. FORMALISM
A. Lagrangian
We consider a model having the current-current interaction with the color exchange
between a light (massless) quark (ψ) and a heavy quark (Ψ) with mass mQ [30–33]:
L = ψ¯i∂/ψ + µ ψ¯γ0ψ + Ψ¯i∂/Ψ−mQΨ¯Ψ−Gc
∑
a
(
ψ¯γµT aψ
) (
Ψ¯γµT
aΨ
)
, (1)
where T a = λa/2 (a = 1, . . . , N2c − 1) are the generators of SU(Nc) with λa being the Gell-
Mann matrices and Nc = 3 in QCD. The coupling strength Gc is taken to be positive Gc > 0
so that the interaction produces attraction in the color anti-triplet channel mimicking the
one-gluon-exchange interaction. We consider Nf flavors for light quarks: ψ = (ψ
1, . . . , ψNf )t.
For simplicity, flavor indices are not explicitly written for the fields ψi (i = 1, . . . , Nf ) and
we assume that they have the common chemical potential µ. We note that L is invariant
under both the chiral symmetry for light quarks and the heavy-quark spin symmetry for
heavy quarks.
We can simplify the Lagrangian (1) in the heavy quark limit according to the standard
procedure in the heavy-quark effective theory [34, 35]: We separate the heavy quark momen-
tum pµ into the on-mass-shell part mQv
µ and the off-mass-shell part kµ as pµ = mQv
µ + kµ
with vµ being the four-velocity of the heavy quark (vµvµ = 1). The energy scale of k
µ
should be much smaller than mQ. We focus on the dynamics concerning the residual mo-
mentum kµ. Namely, we replace Ψ by the effective field Ψv having the momentum k
µ as
Ψ → Ψv = 12(1 + v/)eimQv·xΨ. The factor 12(1 + v/) is a projection onto the positive energy
components while the factor eimQv·x works to subtract the on-shell motion from a heavy-
quark field Ψ so that the effective field Ψv contains only the residual motion. Concerning
the four-point interaction, we use the Fierz transformation,∑
a
(T a)ij(T
a)kl =
1
2
δilδkj − 1
2Nc
δijδkl ,
2 See Ref. [29] for early application of the Kondo effect in deformed nuclei.
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for the color part. It is important to use the Fierz transformation only for the SU(Nc)
generator, not for Dirac matrices. Below, we consider the static limit for the impurity
motion vµ = (1,~0 ) and use the relation Ψ¯vΨv = Ψ
†
vΨv.
Let us define a “heavy-quark number density” Ψ†vΨv from the effective field Ψv. Then, we
consider the condition, Ψ†v(x)Ψv(x) =
∑
i δ
(3)(~x−~xi)→ nQ ≡
∑
iδ
(3)(~x−~xi), with the three-
dimensional delta function δ(3)(~x) and ~xi being the position of the impurity i.
∑
i indicates
average over the whole space. Thus, nQ is the averaged number density of impurities. When
we consider the impurity distribution in space, we tend to suppose that a single heavy quark
exists like a single point in space. In contrast, for the present analysis, we suppose that
the heavy quarks are distributed uniformly in space, and the density is sufficiently large so
that the averaged distance between heavy quarks is smaller than the coherence length for
the QCD Kondo effect ' 1/|∆|, which will be explained later. Due to the uniformity of the
heavy quark distribution, the ground state does not break the translational invariance in
contrast to the case with a single heavy quark impurity. In addition, as mentioned before,
we assume that all the heavy quarks are static and do not propagate in space.
We make a comment on the number density of heavy quarks Ψ†vΨv which was defined
above. This is not equivalent to the number density of heavy quarks in a usual sense
because it is defined from the effective heavy quark field Ψv. In the heavy-quark effective
theory, the energy of the original heavy quark is separated into the on-shell component (rest
mass mQ) and the off-shell component (k
0) as represented in the momentum decomposition
pµ = mQv
µ + kµ. Notice that the scattering between a light quark and a heavy quark
is mediated by the exchange of a momentum kµ, while keeping the on-shell component
mQv
µ intact, and thus the on-shell component of a heavy quark is irrelevant to the present
problem. Therefore, what matters in the problem is the number density of the heavy quarks
with non-zero off-shell components (k0 6= 0), which is defined by Ψ†vΨv.
B. Mean-field approximation
It has been known within the perturbative renormalization group analysis [13] that the
model (1) exhibits the QCD Kondo effect for a single impurity case. We treat here the same
model in a non-perturbative way when the impurities are homogeneously distributed. As
commented before, we consider the color-singlet correlation between a light quark with flavor
i and a heavy impurity 〈ψ¯iαΨvδ〉 (and its conjugate) which is associated with the instabilities
in the QCD Kondo effect. Notice that the mean-fields are matrices with Dirac indices α and
δ. Then we perform the mean-field approximation in the Lagrangian (1) (represented with
respect to the effective heavy impurity field Ψv):
(ψ¯iαΨvδ)(Ψ¯vγψ
i
β)→ 〈ψ¯iαΨvδ〉Ψ¯vγψiβ + 〈Ψ¯vγψiβ〉ψ¯iαΨvδ − 〈ψ¯iαΨvδ〉〈Ψ¯vγψiβ〉, (2)
where we have neglected the term of the second order with respect to fluctuation. The ex-
pectation value, 〈ψ¯iαΨvδ〉 (or 〈Ψ¯vγψiβ〉), is evaluated by using the ground state wave function.
Physically, the mean field 〈ψ¯iαΨvδ〉 should be directly related to the formation of a bound
state of a light quark “hole” and a heavy quark. This is analogous to the formation of a σ
meson in association with the quark-antiquark (q¯q) condensate in vacuum [30–33].
Let us define the gap function as
∆iδα ≡
Gc
2
〈ψ¯iαΨvδ〉, (3)
4
whose Dirac structure is further parametrized in momentum space as
∆iδα = ∆
i
(
1 + γ0
2
(1− kˆ ·~γ)
)
δα
, (4)
with a scalar (complex) parameter ∆i and kˆ = ~k/|~k|. Notice that ∆i is independent of
momentum, which reflects the translational invariance of the ground state. Plugging this
form of the gap, we finally find the mean-field Lagrangian in the momentum space (vµ =
(1,~0)):
LMF = ψ¯(k/+ µ γ0)ψ + Ψ¯vv ·kΨv − λ
(
Ψ†vΨv − nQ
)
+
∑
i
∆iΨ¯v
1 + γ0
2
(
1 + kˆ ·~γ
)
ψi +
∑
i
∆i∗ψ¯i
(
1 + kˆ ·~γ
)1 + γ0
2
Ψv −
∑
i
8
Gc
|∆i|2 , (5)
where we have added the term with the Lagrange multiplier λ to include the constraint
on the number conservation of the heavy quarks. This constraint is necessary because the
heavy quark number density should be conserved on average in the mean field (3) (see
Refs. [20, 21, 25]). Note that −λ can be regarded as the energy cost (measured from the
heavy quark mass mQ) for putting a heavy quark into a quark matter, and hence it is
mathematically equivalent to the chemical potential 3. Also, reflecting the uniformity of the
heavy-quark density, the λ is taken as constant in space. However, we should comment that
the present formalism can be directly applied to the case where the heavy quark number
density is non-uniform in space, nQ(~x). We also emphasize that the heavy quarks are treated
as impurity particles embedded in a quark matter of light flavors. This also implies that
we are going to impose neither charge neutrality or chemical equilibrium with respect to
weak interaction. Thus we can regard the λ as a parameter independent of the light-quark
chemical potential µ.
Since the mean-field Lagrangian allows for mixing between the fields ψ and Ψv, we di-
agonalize it by the Bogoliubov-like transformation to find the following energy-momentum
dispersion relations for spin up
E±(k) ≡ 1
2
(
k+λ−µ±
√
(k−λ−µ)2+8Nf |∆|2
)
, (6)
E(k) ≡ Ei = k − µ [i = 1, · · · , Nf − 1], (7)
E˜(k) ≡ E˜i = −k − µ [i = 1, · · · , Nf ], (8)
where k = |~k | and numbers in the brackets indicate the number of degeneracy. Here we
assume ∆i = ∆ from light flavor symmetry. We obtain the same result for spin down.
The relation (6) is given by the linear combination of ψ and Ψv. Notice that the mixing
takes place only between a positive energy light quark and a heavy quark impurity. On
the other hand, as seen in Eq. (8), the light antiquarks are completely decoupled from the
heavy quark, because the heavy quark in the effective Lagrangian has no negative-energy
component. The dispersions should possess information about the properties of the ground
state in the single-particle picture in the mean-field approximation. In Fig. 1 we show the
3 One may notice that, in case of ∆ = 0, the number density of heavy quarks nQ jumps discontinuously
from zero (for λ > 0) to infinity (for λ < 0). It means that the number density of heavy quarks cannot
be uniquely determined by λ for ∆ = 0. This discontinuous behavior stems from the simple setting that
the finite mass of heavy quarks is neglected.
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schematic picture of the dispersions (6) for positive (left) and negative (right) values of λ.
Because we consider high density states, we neglect the negative-energy component (8). By
using Eqs. (6) and (7), we analyze the thermodynamic potential of the ground state.
It is important to note that the three-dimensional momentum of a light quark, k, is a
conserved quantity because the present mean fields maintain the translational invariance of
the ground state. This is the case as long as the uniform density distribution of the heavy
quark is considered.
We comment that the nonzero value of the gap ∆i in Eq. (3) in the mean-field approx-
imation breaks the symmetry in the original Lagrangian, i.e., the chiral symmetry for the
light quarks and the heavy-quark (spin) symmetry (HQS) for the heavy quark impurities.
We summarize the breaking pattern discussed in detail in Ref. [36]. The whole symmetry
of the system and its breaking pattern is given by G→ H with the group4
G = SO(3)space × SU(2)HQS × U(1)Q × U(1)V × U(1)A × SU(Nf )R+L × SU(Nf )R−L, (9)
and the subgroup
H = SO(3)space × U(1)Q+V × U(1)A+HQSh × SU(Nf − 1)R+L × SU(Nf − 1)R−L. (10)
In the group G, SO(3)space is the rotational symmetry in the three-dimensional space. The
rotational symmetry should be preserved when nQ is constant in space. We notice that,
as more general situations, when nQ(~x) depends on the position ~x, this symmetry does
not necessarily hold. SU(2)HQS and U(1)Q are the HQS of Ψv (spin rotation of the heavy
quark) and the vector symmetry for the overall phase of Ψv, respectively. U(1)V ×U(1)A ×
SU(Nf )R+L=V×SU(Nf )R−L=A is the usual chiral symmetry of light flavor ψ. In the subgroup
H, several combined symmetries appear as explained below. U(1)Q+V is the simultaneous
transformation for U(1)V in the light quark and U(1)Q in the heavy quark. U(1)A+HQSh
is the symmetry combined by U(1)A and U(1)HQSh . This is called the chiral-HQS locked
(χHQSL) symmetry. We introduce the U(1)HQSh symmetry for the U(1) transformation for
Ψv, which is defined by e
i~θ·~σ ∈ U(1) ⊂ SU(2) with a parameter ~θ = αpˆ as a subgroup of
SU(2)HQS. This transformation conserves the helicity since it is the rotation around the axis
along the direction pˆ in momentum space. We comment that it is the factor of pˆ · ~σ coming
from the hedgehog ansatz, ~∆ = ∆ pˆ, that makes the χHQSL symmetry possible. Lastly,
SU(Nf − 1)R+L × SU(Nf − 1)R−L means that all the light flavors coherently contribute to
the formation of gap 5.
In the numerical calculation, we adopt the three dimensional momentum cutoff because
the Lorentz symmetry is violated at finite density. We use the parameter values from the
usual Nambu–Jona-Lasinio (NJL) model for Nf = 2: Gc = (9/2) ·2.0/Λ2 and Λ = 0.65 GeV.
They are determined so as to reproduce the quark condensate and the pion decay constant
in vacuum [32, 33]. We assume that the interaction between a light quark and a heavy quark
has the same strength of the coupling.
4 The U(1)A symmetry exists in our Lagrangian (1) although it should be anomalously broken when the
fermions couple to gauge fields. If there was no U(1)A symmetry, the counterpart U(1)A+HQSh in H would
not hold. See also the discussion in the end of section III.
5 In this work, all the light flavors are coupled with heavy quarks, so that the chiral symmetry for light flavors
is broken due to heavy-light condensates. The residual symmetry SU(Nf −1)R+L×SU(Nf −1)R−L in the
subgroup H is not the chiral symmetry in the original flavor space (u, d, s, ...), but the chiral symmetry
for a transformed flavor space which is composed of the original flavors. As another choice, if we consider
only one light flavor coupled with a heavy quark as Refs. [36, 37], we find the residual chiral symmetry
SU(Nf − 1)R+L × SU(Nf − 1)R−L for the decoupled light flavors in the original flavor space.
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FIG. 1. Dispersion relations of quark E±(k) with finite gap for positive (left), zero (middle) and
negative (right) values of λ. The gray band indicates the region of the integrals, 0 < k < Λ.
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FIG. 2. The gap |∆| as a function of µ and λ at T = 0 GeV.
C. Thermodynamic potential
Thermodynamic potential computed from the dispersion relations (6) and (7) reads
Ω(T, µ, λ; ∆) = 2Nc
∫ Λ
0
k2dk
2pi2
f(T, µ, λ; k) +
8Nf
Gc
|∆|2 − λnQ , (11)
with f(T, µ, λ; k) ≡ −β−1 ln[(1+e−βE+(k))(1+e−βE−(k))(1+e−βE(k))Nf−1] and β = 1/T being
the inverse temperature. The factor two in the coefficient of the integral comes from the
sum of right- and left-handed light quarks. We introduce Λ to make the integral finite.
The value of |∆| is determined by the minimum of Ω(T, µ, λ; ∆) or the solution to the gap
equation: ∂
∂∆∗Ω(T, µ, λ; ∆) = 0. The chemical potential µ and the Lagrange multiplier λ are
related to the number densities of light quarks and heavy quarks, nq and nQ, respectively:
− ∂
∂µ
Ω(T, µ, λ; ∆) = nq and
∂
∂λ
Ω(T, µ, λ; ∆) = 0. The analysis is analogous to that in the
color superconductivity with the NJL-type model [19, 38]. We notice that the light quarks
and the heavy quarks are treated on the basis of the grand canonical ensemble. This is
essentially important because the number densities for the light quarks and the heavy quarks
are not conserved quantities due to the mixing between them by the finite gap ∆.
III. RESULTS
Let us consider the case of zero temperature (T =0). Before presenting numerical results,
it is instructive to investigate the approximate analytic solution for the gap at λ = 0. From
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Eq. (11), we obtain the gap equation
∆ =
1
2
NcGc
∫ Λ
0
k2dk
2pi2
∆√
(k − µ)2 + 8Nf |∆|2
. (12)
Notice that the gap equation (12) provided by the energy-momentum dispersion, E−(k) in
Eq. (6), contains contribution only from the states below the Fermi surface, as seen in the
middle panel (λ = 0) of Fig. 1. We also notice that the states with the momentum around
k ' µ contributes dominantly to the gap equation, and that the contributions from the
states lying deeply inside the Fermi surface are relatively suppressed. The gap equation (12)
gives two solutions: |∆| = 0 and
|∆| ' α
√
µ(Λ− µ)
2Nf
exp
(
− 2pi
2
Nc µ2Gc
)
, (13)
where α is a factor independent ofGc and is approximately given by α = exp ((Λ
2 + 2Λµ− 6µ2)/4µ2)
for a small |∆|. The latter solution gives the most stable state. Importantly, the finite gap
always exists for any small coupling constant Gc > 0. This suggests that the gap appears
even in the weak coupling regime, which is similar to the Cooper instability of the super-
conductivity. It is also interesting to notice that the gap contains the exponential factor
exp (−2pi2/(Nc µ2Gc)) which is common with the factor appearing in the Kondo scale [13],
and thus increases with increasing coupling strength.
The gap equation ∂
∂∆∗Ω(T = 0, µ, λ; ∆) = 0 for finite values of µ and λ must be solved
numerically. We consider Nf = 2 in the following. The result for the gap |∆| as a function
of µ and λ is shown in Fig. 2, which essentially corresponds to the phase diagram on the
µ-λ plane. We find that |∆| increases as µ increases. This is reasonable because the Fermi
surface area, and thus the density of states at the Fermi surface, becomes larger with the
increasing Fermi momentum. We have checked that the analytic solution (13) is relatively
a good approximation to the numerical result at least for λ = 0 GeV. For example, Eq. (13)
gives |∆| = 0.026 GeV at µ = 0.5 GeV, which is approximately consistent with the full
numerical result, |∆| = 0.028 GeV. The existence of a finite gap indicates that the ground
state of the matter is not the normal phase but the one with mixing between a light quark
and a heavy quark, which we call the “Kondo phase”.
In Fig. 3, the number densities of light quarks and heavy quarks, nq and nQ, are shown.
They are not control parameters but must be dynamically determined through the thermo-
dynamical potential. For µ = 0.5 GeV, we obtain nq = 3.5 fm
−3 and nQ = 1.8 fm−3 at
λ = 0.01 GeV, and nq = 3.4 fm
−3 and nQ = 2.0 fm−3 at λ = −0.01 GeV.
The thermodynamic potentials Ω(T, µ, λ; ∆) at finite temperatures (T 6= 0) are plotted
as functions of |∆| in Fig. 4. Fixing µ = 0.5 GeV and λ = 0 GeV, we have |∆| = 0.028 GeV
at T = 0 GeV. The gap decreases with increasing temperature, e.g. |∆| = 0.024 GeV at
T = 0.01 GeV, and it becomes zero at T = 0.017 GeV.
The system prefers to form a finite gap when the crossing point (E, k) = (λ, λ+µ) of the
two original dispersions, E = k − µ, E = λ, is close to the Fermi surface (see Fig. 1). This
is because a finite gap reduces the total energy most effectively when two new dispersions
E±(k) are asymmetrically involved in the Fermi sea. This expectation is indeed confirmed
in the numerical result. Figure 2 shows that when λ becomes positively/negatively large,
the gap |∆| becomes small.
The results for |∆|, nq, and nQ have a similar structure with a sudden change in the
positive λ region (though it is faint for nq). Figures 2 and 3 show that the (uniform)
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FIG. 3. The number density of light quark nq and heavy quark nQ as functions of µ and λ at
T = 0 GeV.
gap is formed when the heavy quark density is high as long as |λ| is close to zero (the
Fermi surface). This is reasonable because an uniform condensate will be realized when the
correlation/coherence length ` ∼ 1/|∆| is much longer than the averaged inter-heavy-quark
distance d ∼ 1/n1/3Q . When nQ is small enough, it becomes difficult to maintain a spatially
uniform gap. Therefore there is a close correlation between the behaviors of |∆| and nQ.
So far, we have assumed the uniformity of heavy quark distribution as an ideal situation.
As we mentioned in the Introduction, what we expect in reality is the presence of droplets
with finite volumes in which heavy impurities are gathered at relatively high densities. One
can re-interpret the obtained results by defining the energy gain per a single heavy quark.
Such quantity can be used to estimate the energy gain of a droplet if its spatial size is
much larger than the coherence length `. In the present scheme, the energy gain per single
heavy quark can be estimated as δΩ(T, µ, λ; ∆)/nQ with δΩ(T, µ, λ; ∆) = Ω(T, µ, λ; ∆) −
Ω(T, µ, λ; 0) as shown as a function of µ at λ = 0 GeV and T = 0 GeV in Fig. 5. As a
numerical value, we obtain δΩ(T, µ, λ; ∆)/nQ = −0.016 GeV at µ = 0.5 GeV, λ = 0 GeV
and T = 0 GeV.
Finally, we comment on the effect of several inter-quark correlations which are not taken
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FIG. 4. The thermodynamic potential Ω(T, µ, λ; ∆) as a function of |∆| with µ = 0.5 GeV and
λ = 0 GeV for several temperatures.
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FIG. 5. The energy gain of quark matter per heavy quark as a function of µ at λ = 0 GeV at
T = 0 GeV.
into account in the present analysis. At high density, the attraction between two light quarks
on the Fermi surface leads to the color superconductivity in quark matter. At relatively
lower density, the attraction between a light quark and a light antiquark can form the chiral
condensate resulting in the chiral symmetry breaking. Those correlations are competitive to
the QCD Kondo effect. For example, it was reported that the Kondo phase is excluded by a
sufficiently large gap in the two-flavor color-superconducting (2SC) phase [39]. As mentioned
in Ref. [14], however, for three-flavor QCD, since strange (s) quarks are decoupled from the
formation of the Cooper pair in the 2SC phase, the color-exchange interaction between an
s quark and a heavy quark can lead to the QCD Kondo effect. On the other hand, it was
shown that the Kondo phase coexists with the chiral condensate [37]. As the other possible
competition, one may think of the heavy-light “diquark” channel. However, this is not color-
singlet, and its contribution can be relatively suppressed as expected in the large Nc limit.
In fact, it was shown for the single heavy quark case that the heavy-light diquark channel
is unfavored not only in the large Nc limit but also at Nc = 3 [40].
In those competitions, the symmetry breaking pattern should be different from Eqs. (9)
and (10). For example, let us consider the case where the Kondo phase coexists with the
chiral condensate. Supposing that the chiral condensate for all light flavors, we have the
symmetryG = SO(3)space×SU(2)HQS×U(1)Q×U(1)V×SU(Nf )R+L in the ground state before
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switching on the Kondo phase. Here we did not include U(1)A which will be anomalously
broken in QCD. After the Kondo phase is switched on, the symmetry will be broken to
H = SO(3)space × U(1)Q+V × SU(Nf − 1)R+L.
IV. SUMMARY AND OUTLOOK
We discussed the QCD Kondo effect in the quark matter with heavy quarks as impurity
particles. We introduced the color exchange interaction and applied the mean-field approxi-
mation to the condensate composed of a light quark and a heavy quark as the Kondo cloud.
We found the Kondo phase where the finite condensate is formed as the Kondo cloud.
In future, to go beyond the mean-field approximation, we can apply the random-phase
approximation (RPA) as studied in Ref. [28]. This is important because the gap is associated
with the formation of a bound state, which is described by the fluctuation around the ground
state within the RPA. It is also interesting to apply other non-perturbative approaches
developed in condensed matter physics, such as the numerical renormalization group [41],
the energy-variation, the Green’s function method and the Bethe ansatz (see Refs. [2–4]).
Furthermore, the present analysis does not include the correlations between light quarks,
such as the quark-(anti)quark condensate for the color superconductivity and the sponta-
neous chiral symmetry breaking. Such situations can be studied as an extension of the
current approach by using the mean-field theory and the many-body techniques beyond
that. In the present discussion, we considered only the homogeneous state for the number
density of the heavy quarks. It will be worth to consider the possibility of realization of
inhomogeneous state which may be similar to the chiral density wave and the LOFF state
in superconductivity (see e.g. Ref. [42]).
The QCD Kondo effect may be analogous to the Kondo effect for Dirac fermions in
condensed matter of electrons [26, 27, 43] 6. The Kondo effect in Majorana fermions in
topological matter is also discussed [49–52]. In addition, it was recently shown that the
QCD Kondo effect emerges for the degenerate states in the Landau level under magnetic
field instead of the Fermi surface [15]. The Kondo phase diagram in various environments
might be interesting. Those subjects will be left for future works.
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